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Component edge connectivity of the folded hypercube
Shuli Zhao, Weihua Yang ∗
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Taiyuan Shanxi-030024, China
Abstract. The g-component edge connectivity cλg(G) of a non-complete graph G is the
minimum number of edges whose deletion results in a graph with at least g components. In this
paper, we determine the component edge connectivity of the folded hypercube cλg+1(FQn) =
(n + 1)g − (
s∑
i=0
ti2
ti−1 +
s∑
i=0
i · 2ti) for g ≤ 2[
n+1
2
] and n ≥ 5, where g be a positive integer and
g =
s∑
i=0
2ti be the decomposition of g such that t0 = [log2 g], and ti = [log2(g −
i−1∑
r=0
2tr )] for i ≥ 1.
Keywords: Component edge connectivity; Folded hypercube; Fault-tolerance; Conditional
connectivity
1 Introduction
Let G be a non-complete graph. A g-component edge cut of G is a set of edges whose deletion
results in a graph with at least g components. The g-component edge connectivity cλg(G) of a
graph G is the size of the smallest g-component edge cut of G. By the definition of the cλg(G),
it can be seen that cλg+1(G) ≥ cλg(G) for every positive integer g.
An interconnection network is usually modeled by a connected graph in which vertices repre-
sent processors and edges represent links between processors. The usual edge connectivity λ(G)
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of a graph G is the minimum number of edges whose deletion results in a disconnected graph.
The edge connectivity is one of the important parameters to evaluate the reliability and fault
tolerance of a network. The g-component edge connectivity is an extension of the usual edge
connectivity cλ2(G). The g-component connectivity and g-component edge connectivity were
introduced in [2] and [10] independently. In [5, 13], Hsu et al. and Zhao et al. determined the
g-component connectivity of the hypercube Qn for 2 ≤ g ≤ n+1 and n+2 ≤ g ≤ 2n−4 respec-
tively. As an invariant of the hypercube, the folded hypercube was first proposed by El-Amawy
and Latifi [4], is one of the most potential interconnection networks. There are some results
about the folded hypercubes [12, 14, 15, 7, 11], so in this paper, we determine the g-component
edge connectivity of the folded hypercube FQn for g ≤ 2
[n+1
2
], n ≥ 5.
The n-dimensional hypercube Qn is an undirected graph Qn = (V,E) with |V | = 2
n and
|G| = n·2n−1. Each vertex can be represented by an n-bit binary string. There is an edge between
two vertices whenever there binary string representation differs in only one bit position. The
folded hypercube is an enhancement of the hypercube Qn and FQn is obtained by adding a
perfect matching M on the hypercube, where M = {(u, u)|u ∈ V (Qn)} and u represents the
complement of the vertex u, that is, all their binary strings are complement and 0 = 1 and
1 = 0. One can seen that E(FQn) = E(Qn)
⋃
M. For convenience, FQn can be expressed as
D0
⊗
D1, where D0 and D1 are (n− 1)-dimensional subcubes induced by the vertices with the
i-th coordinate 0 and 1 respectively. The 3-dimensional and 4-dimensional folded hypercubes
are shown in the following Figure 1 and Figure 2, respectively.
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Figure 1. The 3-dimensional Folded hypercube.
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Figure 2. The 4-dimensional Folded hypercube.
2 Preliminaries
Let m be an integer and m =
s∑
i=0
2ti be the decomposition of m such that t0 = [log2m] and
ti = [log2(m−
i−1∑
r=0
2tr)] for i ≥ 1. Let X be a vertex set of a graph G with |X| = m. We denote
by exm2 the maximum number of edges of the subgraph of a graph G induced by m vertices,
i.e., exm = max{2|E(G[X])| : X ⊂ V (G) and |X| = m}, is the maximum sum of degrees of the
vertices in the subgraph of a graph G induced by m vertices. In [8], the authors determined the
exm(Qn), which play an important role in this proof.
Theorem 1. ([8]) Let X be a vertex set of Qn with size m. Then exm(Qn) =
s∑
i=0
ti2
ti+
s∑
i=0
2·i·2ti .
Lemma 2. ([8]) If m0 ≤ m1. Then exm0+m1(Qn) ≥ exm0(Qn) + exm1(Qn) + 2m0.
Before our main results, we need several results focused on the induced subgraph of FQn
with maximum number of edges [1, 3, 6, 8, 9]
Definition 3. ([1]) A set of m vertices of FQn (Qn) is said to be a composite set for m if the
number of edges of the subgraph induced by these m vertices is not less than the number of edges
of subgraphs induced by any other set of m vertices of FQn (Qn). A composite folded hypercube
of FQn (composite hypercube of Qn) is defined to be a subgraph of FQn (Qn), which is induced
by some composite set of FQn (Qn).
For convenience, the vertex u = unun−1 · · · u1 of n-dimensional folded hypercube also can
be represented by decimal number
∑n
i=1 ui2
i−1 in this paper.
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Definition 4. ([6, 9]) The subgraph induced by vertex set {0, 1, · · · ,m − 1} (under decimal
representation) of FQn (Qn), denoted by LFm (Lm), is called as an incomplete folded hypercube
(incomplete hypercube) on m vertices of FQn (Qn).
Definition 5. ([9]) A reverse incomplete folded hypercube (reverse incomplete hypercube) on m
vertices of FQn (Qn) is the subgraph induced by {2
n − 1, 2n − 2 · · · , 2n −m} and is denoted by
RFm (Rm), for 1 ≤ m ≤ 2
n.
Lemma 6. ([9]) (Lm) is isomorphic to Rm and (LFm) is isomorphic to RFm, for 1 ≤ m ≤ 2
n.
Lemma 7. ([3, 6, 9]) For 1 ≤ m ≤ 2n, both V (LFm) and V (RFm) ((V (Lm) and V (Rm)) are
composite sets of FQn (Qn).
Lemma 8.
exm(FQn) =


s∑
i=0
ti2
ti +
s∑
i=0
2 · i · 2ti , 1 ≤ m ≤ 2n−1
s∑
i=0
ti2
ti +
s∑
i=0
2 · i · 2ti +m− 2n−1, 2n−1 ≤ m ≤ 2n
Proof. By Theorem 1 and Lemma 7, the results holds.
For m ≤ 2n−1, we note that exm(FQn) = exm(Qn).
Denote by EX the set of edges in which each edge contains exactly one end vertex in X. By
the lemma above, the following lemma holds.
Lemma 9. Let X be a subset of V (FQn) with |X| = m, where m be an positive integer and
m =
s∑
i=0
2ti . Then EX contains at least (n+ 1)|X| − exm edges. Moreover, the function ξ(m) =
(n+ 1)|X| − exm2 is strictly increasing (respect to m) for m ≤ 2
[n+1
2
].
Proof. By Lemma 8, the first part is clearly. As m ≤ 2[
n+1
2
] and m =
s∑
i=0
2ti , then ξ(m +
1) − ξ(m) = (n + 1) − (s + 1), which implies ξ(m) is strictly increasing (respect to m) for
m ≤ 2[
n+1
2
].
Lemma 10. Let X be a subset of V (FQn) with |X| = m, if m ≤ 2
n−1, then (n − 1)m −
exm(FQn) ≥ 0.
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Proof. Let FQn = D0
⊗
D1, as m ≤ 2
n−1, by Definition 4, Lemma 7 and 8, we can take a
subgraph G0 of a (n− 1)-dimensional subcube Di (i=0, 1) such that 2|E(G0)| = exm. Thus, if
m ≤ 2n−1, then (n− 1)m− exm(FQn) ≥ 0.
Lemma 11. If
∑r
i=1 exmi = m and mi > 0, then
∑r
i=1 exmi ≤ exm−r+1.
Proof. To prove the result, we just need to prove that when k ≤ l, exk+1 + exl ≤ exk+l.
Note that exk+1 = exk + 2(s + 1), where k = 2
t0 + · · · + 2ts . By Lemma 2, exk+l ≥
exk + exl + 2k = exk+1 + exl + 2k − 2(s + 1) ≥ exk+1 + exl. By using the inequality, it can be
seen that exm1 + exm2 + · · ·+ exmr ≤ exm1+m2−1 + exm3 + · · ·+ exmr ≤ · · · ≤ exm−r+1.
3 Main Results
In this section, we determine the cλg(FQn).
Theorem 12. cλg+1(FQn) = (n+ 1)g −
exg
2 for g ≤ 2
[n+1
2
], n ≥ 5.
Proof. For convenience sake, we assume that n is odd.
First, we show that cλg+1(FQn) ≤ (n+1)r−
exg
2 by constructing a (g+1)-component edge cut
F with size (n+1)g−
exg
2 . Let G1 be the subgraph induced by the vertex set V = {0, 1, · · · , g−1},
where g ≤ 2n−1 and g =
s∑
i=0
2ti , then by Definition 4 Lemma 7 and 8, |E(G1)| =
s∑
i=0
ti2
ti +
s∑
i=0
2 ·
i · 2ti = exg(FQn). Let F = EV (G1) ∪ E(G1), then F is a (g + 1)-component edge cut with size
(n+ 1)g −
exg
2 .
Next, we show that cλg+1(FQn) ≥ (n+ 1)g −
exg
2 . Let F be a cλg+1-cut, then we have that
FQn − F has exactly g + 1 components. We denote by C1, C2, · · · , Cg+1 the g + 1 components
in FQn − F , and Cg+1 be the largest one. We will prove the result by the following cases:
Case 1. |V (Cg+1)| < 2
n−2
If |V (Cg+1)| < 2
n−2, then there exists a partition of {C1, C2, · · · , Cg+1} such that | ∪
k
j=1
V (Gij )| ≥ 2
n−2 and |∪g+1j=k+1V (Gij )| ≥ 2
n−2. So we just need to show that |
⋃g+1
i=1 EV (Ci)(FQn)| ≥
(n+ 1)g −
exg
2 .
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Let X ⊂ V (FQn) and X = V (FQn) \X. If 2
n−2 ≤ |X| ≤ |X | and let |X| = m, then denote
by m′ = m− 2t0 . Clearly, m′ < 2n−2. By Lemma 10, we have the following:
(n+ 1)m− exm = (n+ 1)2
t0 + (n+ 1)(2t1 + · · ·+ 2ts)− t02
t0−1 − (
s∑
i=1
ti2
ti +
s∑
i=1
2 · i · 2ti)
≥ (n+ 1− t0)2
t0 + (n+ 1)
s∑
i=1
2ti − (
s∑
i=1
ti2
ti +
s∑
i=1
2 · i · 2ti))
= (n+ 1− t0)2
t0 + (n+ 1)r′ − exr′ − 2r
′
= (n+ 1− t0)2
t0 + (n− 1)r′ − exr′
≥ (n+ 1− t0)2
t0
= (n+ 1− t0) · 2
(t0−
n+1
2
) · 2
n+1
2
Note that n − 2 ≤ t0 ≤ n − 1, then we have (n + 1 − t0) · 2
(t0−
n+1
2
) ≥ 3(n+1)4 for n ≥ 7. So
one can see that |F | ≥ (n + 1) · 2
n+1
2 − n+14 × 2
n+1
2 = 3(n+1)4 × 2
n+1
2 ≥ (n + 1)g −
exg
2 when
|V (Cg+1)| < 2
n−2 .
Case 2. |V (Cg+1)| ≥ 2
n−2
Let |V (Ci)| = mi and m =
∑g
i=1mi. Clearly, we may assume m < 2
n−2.
If m = g, then mi = 1 and thus |F | ≥ (n + 1)g −
exg
2 . Therefore, we may assume m > g.
Let S = ∪gi=1V (Ci) and F
′ = F ∩ E(G[S]). Note that EV (Ci) ⊂ F , then we have |F | ≥
| ∪gi=1 EV (Ci)| = |EV (C1)| + · · · + |EV (Cg)| − |F
′|. Since |EV (Ci)| = mi · (n + 1) − 2|E(Ci)| and
|F ′| ≤ exm2 − | ∪
g
i=1 E(Ci)|, we have the following.
|F | ≥ | ∪gi=1 EV (Ci)| = |EV (C1)|+ · · · + |EV (Cg)| − |F
′|
≥
g∑
i=1
(mi · (n+ 1)− 2|E(Ci)|)−
exm
2
+ | ∪gi=1 E(Ci)|
= m(n+ 1)− 2
g∑
i=1
|E(Ci)| −
exm
2
+
g∑
i=1
|E(Ci)|
= m(n+ 1)−
exm
2
−
g∑
i=1
|E(Ci)|
≥ m(n+ 1)−
exm
2
−
g∑
i=1
exmi
2
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By Lemma 11, we have |F | ≥ m(n+1)− exm2 −
∑g
i=1
exmi
2 ≥ m(n+1)−
exm
2 −
exm−g+1
2 . We
next show that
m(n+ 1)−
exm
2
−
exm−g+1
2
≥ (n+ 1)g −
exg
2
.
For any g ≤ 2
(n+1)
2 and S = {v1, v2, · · · , vg}, |∪
g
i=1Evi | ≥ (n+1)g−
exg
2 holds as |∪
g
i=1Evi | ≥
(n+ 1)g − 2|E(FQn[S])|+ |E(FQn[S])| = (n+ 1)g − |E(FQn[S])| ≥ (n+ 1)g −
exg
2 .
Let FQn = D0
⊗
D1. Since m < 2
n−2, we may pick a subgraph G1 of m vertices in D0,
where G1 is the subgraph of FQn induced by {0, 1, 2, · · · ,m − 1}. So |E(G1)| =
exm
2 . Since
m − g + 1 < m, we may pick a subgraph G2 ⊂ G1 such that |E(G2)| =
exm−g+1
2 (here we
pick the subgraph G2 has the same structural property as G1). Label the vertices in G2 by
vm, vm−1, · · · , vg+1, vg such that dG2(vg) = s+ 1, where m− g = 2
t0 + 2t1 + · · ·+ 2ts , and label
the vertices in V (G1 −G2) by v1, v2, · · · , vg−1. See Figure 1 (a).
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Figure 1. The edges between the components.
Let S = {v1, · · · , vg−1} and f0 = |E(FQn[S])|. Clearly, f0 + f1 + f2 + f3 + f4 + f5 =
m(n+ 1)− 2|E(G1)|+ (|E(G1)| − |E(G2)|) = m(n+ 1)−
exm
2 −
exm−g+1
2 . See Figure 1 (b). By
Claim 5, f0+f1+f2+f3+f4+f6 ≥ (n+1)g−
exg
2 . Thus if f5 ≥ f6, thenm(n+1)−
exm
2 −
exm−g+1
2 =
f0 + f1 + f2 + f3 + f4 + f5 ≥ f0 + f1 + f2 + f3 + f4 + f6 ≥ (n+ 1)g −
exg
2 . Note that G1 ⊂ D0,
then there f5 ≥ m− g ≥ s+ 1 = f6
We omit the argument for even n.
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Thus, |F | ≥ (n+ 1)g −
exg
2 and then cλg+1(FQn) = (n + 1)g −
exg
2 .
Corollary 13. Let F be a cλg+1-cut of the hypercube FQn. Then FQn −F contains g isolated
vertices for g ≤ 2[
(n+1)
2
], n ≥ 5.
Proof. The result holds easily.
4 Conclusion
In this paper, we studied the component edge connectivity of the folded hypercube. The compo-
nent (edge) connectivity is a generalization of standard (edge) connectivity of graphs, see [2, 10],
which can be viewed as a measure of robustness of interconnection networks. The standard con-
nectivity of folded hypercubes (or classic networks) have been studied by many authors, but
there are few papers on the component (edge) connectivity of networks. This paper introduced
an idea to consider the g-component edge connectivity of the folded hypercube (or cube-based
networks), but our result is not complete. The problem is still open for g > 2[
(n+1)
2
] + 1.
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